5. Coupled Angular Momentum

Sometimes, we have to contend with the fact that both the orbital angular momentum and
the spin angular momentum exist simultaneously and that they interact. This is the basis of
spin-orbit coupling.



Can treat the problem in two ways:

Uncoupled representation
S2, L2, S_L_ can be specified

Our choice in the
uncoupled representation is
possible because [S,L;] = 0
(but S+L is not known).
This corresponds to wave
functions of the form: W, W
our old friends).

The coupled representation
implies [(S+L)%, L ] # 0 which
means we can not know
individual components of L and
S. This corresponds to new wave
functions W}, J = L+S (vector
sum, later).

Coupled representation

(S+L)2, (S,+L), S?, L? can be specified

Caze 2, The Uncoupled Scheme

Precession of the Total Angular Momentum about an External Field
Case 1, The Coupled Scheme

Orbital Angular Momentum Coupled to 3pin Angular Momentum



5.1 Properties of Total Angular Momentum, J (no proofs)

Consider two angular momentum J, and J,

a) J, and J, has separate independent origins (spin, orbital, ...)
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Therefore, we can specify these individually.

b) The sum J = J;+J, is also an angular momentum with quantum numbers j, m;
such that:
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c) Total J? commute with individual J2,1 = 1, 2

72 72 72 72
Thus: L] 9']1 J:{J 9J2J:O
d) Total J, commutes with J? and individual J,2, J,2.

e) (This 1s the important one) Individual J, , J,, de not commute with J?



Consequences:

a) Can represent system by either:

|j1,mj1;j2,mj2 >:|j1an/lj1 >] jzamjz > = uncoupled wave functions

or | JisJ25 J, Mj > = coupled wave functions

but not by: |jl,%j2,n><],MJ >

Not all quantum numbers for commuting operators



b) Allowed values for j and m;
JZ |jl9mjl;j29mj2 >= (J12+J2z)|jl9mjl;j29mj2 >
:>mjh|j19mjl;J29mj2 >= (mjl +mj2)h|J19mjl;]29mjz >

.mj ijl -|-I’}/lj2

The maximum value of J =] =j, +j,=m

jlmax T mj2max

We have (2]+1) values of m, but we have (2j,+1)(2j,+1) states to form J.

(2, +1)(27, +1)=4j,j. +2j,+2j, +1

There is a redundancy in values which arises

=4 j1 i , T 2( jl +J ) )+1 from the possibility of constructing states of
=4jj,+ 2( ]) | same j with different my, values
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m;



Turns out that total j can have values:

J:j1 j29j1 jz 19]1 jz 2..,

17/
= vector sum= Clebsch-Gordon series
M;=m, +m;

An example which is relevant to organic chemistry: systems with 2 electron spins

M= ana, = s,,m, 53,m, >=| =it 2>
Uncoupled representation: | | ? 21212 1
W=p54 = S|, My 58y, M >= 5,—5,5,—5>
N=a,p, S, M 58y, M >:|%,%,%,—%>
= Ba, = S, My 58y, M >:|%,—%,%,%>



Coupled Representation
S = (S1 +S2)—) ‘Sl —SZ‘

When S = 0, M =0, and when S =1, M = 1,0,-1

Therefore, the coupled wave functions are: ‘ S 19 S 79 S 0 M g >
1 1 |
= —,—,0,0 > Singlet, (2S+1) = (2%0+1) = 0
29 2S+1 = spin multiplicity.
1 1 1 1 1 1
= 59591,1 > | 59591,0 > | 5,5,1,—1 > Triplet, (25+1) = 2*1+1) = 3

Note: 4 states just like for the uncoupled representation!



Jablonski Digram showing photophysical relaxation pathways of a typical

organic compound

excited vibrational states

S / {excited rotational states not shown)
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A = photon absorption
F =fluorescence (emission)

P = phosphorescence
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