5.2 Coupling of more than 2 angular momenta: j,, j,, j;

1.) Couple first two angular momenta j, and j, as before to

generate J’

2.) Then couple these results individually to j, to get set of J’s

Example: (¢, =1/¢,=1/0,=2

Couple /, and 7, to give L,

L+0,=01+1)>1-1=2-50=210=L,

Lo +l=L=(2+2)>[2-2=4>0=43210 .| _43(x2)2(x3)1(x2)0
- (1+ 2) — ‘1_ 2‘ =3—->1=321 9 different angular
_ (O 4 2) N ‘O _ 2‘ —9 momentum states, although
some have the same total L

values.



[t should be and in fact it is possible to represent the
coupled wave functions in terms of the uncoupled ones:

| j]_1 j21‘]1MJ >:ZZth,mj2 | jl’mjl’ jz’ij >

The coefficients in this expansion are called Clebsch-Gordon coefficients or
Wigner coetticients

Note: <j1l’mj1'; jzl’mjzl j1’ jZ’J’MJ>_<j1I’mJ'1'; jZI’szllZZijyij

m., m.
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Represents the degree of coupling or overlap



Arrangement of product functions according to M values (eigenvalues of L, . )
M=1,+1, 11> 1.1,>
M =1,+1,-1 1,1,-1> 11, 1,> 1,1,> |1 - 1>
M =-],-1,+2 [1,-1,+2> 1, ,-1,> 11,-1,+1> |1, -L,+1> [1,-1,> 1, -1, +2>
M =-1,-1,+1 [1,-1,+1> 1, ,-1,> 11,-1,> 1, ,-L,+1>
M =1, [13-14> [15,-1,>
# tunctions 2(L+1)+1 2(1,+L-1)+1 2(1,+L,-2)+1




Example of how to get Clebsch Gordon coefficients

S, = 72 m, = +15
ju— 1 o 1
S, = /2 m,, T

a) Uncoupled wave functions:

|S;, Mg ;S,,mg >
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b.) Clebsch-Gordon Series: S = (Sl +5, ) N ‘Sl _ 32‘ _ (1 + 1) _ 1 _ l

c.) Coupled wave functions:

XSinglet state, S = 0; My =0

| s,,s,,S , M
I
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Triplet State, S=1; M(=1,0,-1




d) Start with triplet state

11
| E , E 11> can only be formed from

1111
|s,,m.;S,,m, >=|—,—,—,=—>"M;=m_ +m,
' i 2 2 2 2 : i

ity tril oo dc
2'2 2'2'2'2 M

N |-
N |-

11
Similarly, | E , E L,—1> can only be formed from

1 11 1
|s,,m,.;s,,m,_ >=—-——,———>
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11
To get | E , E 1,0 > apply either lowering operator to | E ! E 11>

11

Or raising operator to | E : E 1,-1>

Use lowering operator. Recall:

§ =§_—|—§2_ and §—|S’MS>:\/S(S+1)_MS(MS_1)h|S,MS—1>
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fh|——10 —hll 13,1>+h|1,£;£—£>
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For the singlet state

et 2 2 al 2 2 2 2 2!2’ 2 and require
1100t to0)= <3100311o> 0
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