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The Rules of the GameThe Rules of the Game

Group:Group: a collection of objects called elements which obey certain rules which 
interrelate them:

Rule 1:Rule 1: The product of any 2 elements in the group and the square of each element 
must be an element in the group.

Let the set of elements = {gk}

When we say multiplication → gigj ≡ “carry out operation implied by gj and then that 
implied by gi”.  This is a right-to-left convention

∴ Rule 1 implies “closure”

for all gi, gj ε {gk},  gigj = gℓ where gℓ is a member of {gk}

In group theory multiplication is not necessarily commutative; that is, gigj ≠ gjgi

However, if they do, the groups are called AbelianAbelian groups
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Rule 2:Rule 2: One element in the group must commute with all others and 
leave them unchanged.
≡ identity element (designated by E)

{ }kiiii gggEgEg ∈∀==⇒

Rule 3:Rule 3: The associative law of multiplication holds:

( ) ( ) kjikji gggggg =⇒

This property holds for any continued product

For example:For example: ( )( )( )( )
( )( )( )

( ) ( ) ( )
etc.

HGFEDCBA

HGFEDCBA

HGFEDCBA

gggggggg
gggggggg

gggggggg

=
=
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Rule 4:Rule 4: Every element gi must have an inverse or reciprocal, gi
-1 which is also 

an element of the group

{ } { }kikiiiii ggggEgggg ∈∀∈== −−− 111 ;

Group Multiplication TablesGroup Multiplication Tables

The number of elements g in a group, G, is called the order of the group, say “h”.

)(hGG ≡∴
This means there are h x h = h2 possible products to completely and uniquely 
define a group, G (abstractly)

These can be presented in a group multiplication tablegroup multiplication table.

Consists of h rows and h columns.  Each row and column is labelled by a 
group element.
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Each entry in table under a given column and along a row = product of elements 
heading the column and row.

ynecessarilijji gggg ≠Q

Take as convention: product = (column element) x (row element)

Rearrangement TheoremRearrangement Theorem

Each row and column in a group multiplication table lists each group element once 
and only once

⇒ No two rows or columns may be identical

⇒ Each row and column is a rearranged list of group elements
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For example:For example:

AAEAA
AEEEE
AEG )2(

EAA
AEE
AEG )2(

≡

Note:Note: A = A-1 since AA = E  (Rule 4)

Another example:Another example:

BBABBB
BAAAAA
BAEE
BAEG )3(

← rule 2

↑
rule 2
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There are limited choices here:
Either 1.) AA = E  or 2.) AA = B

1.)1.)

EABBB
BAEAA

BAEE
BAEG

or
or

)3(

X

X

X

X X = violates rearrangement theorem

2.)2.)

AEBB
EBAA
BAEE
BAEG )3( AA = B

All other assignments fulfil Rearrangement Theorem

Only arrangement 2.) works!
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Cyclic GroupsCyclic Groups

G(3) is the simplest nontrivial example of a cyclic group.

If a sequence g1, g1
2, g1

3 … repeats itself at g1
h+1 = g1 because g1

h = E, then 
the set {g1, g1

2, …, g1
h = E} which is the period of the group is the cyclic group 

C of order h; that is, C(h). 

Note:Note: for G(3) the period is:

{A, AA, AAA} ≡ {A, B, BA} = {A, B, E}

∴ G(3) ≡ cyclic group C(3)
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Properties of Cyclic GroupsProperties of Cyclic Groups

1.)1.) Such groups are Abelian since group elements of the form
g1

Mg1
N = g1

Ng1
M for all M, N.

2.) For a finite cyclic group the existence of the inverse of every group element 
is guaranteed.

EggEg hh =⇒= −1
1

1
11Q

1
1

1
1

−− =⇒ gg h

True for all elements {gk} since g1 was not specified
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Example:Example: n
i

e
π

ω
2

−
= generates a cyclic group of order n.

Why? )2sin()2cos(2 ππω π ie in −== −
= 1- 0 =1 =E

{ }nωωωω ,,,, 32 L∴ is a cyclic group of period n.

If every element of a group can be expressed as a finite product of powers of 
elements in a particular sub-set, the elements in this sub-set are called 
the group generatorsgroup generators.

For exampleFor example: if the group generators are {g1, g2} then

Gi = (g1)p(g2)q

For a cyclic group, the group generator is one element, g1.
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Example:Example: Permutation Group S(3)

A permutation operator P rearranges a set of objects.

If for example P{a, b, c, …} = {b, a, c,…}

This means that P ≡ operator which interchanges a and b.

Important:Important:
Pij means “interchange objects CURRENTLYCURRENTLY at the locations 
ORGINALLY ORGINALLY occupied by objects i and j.

Means can consider the original configuration as objects allocated to 
certain boxes (like electrons in orbitals).

∴ Pij means “interchange the contents of the ith and jth box, whatever they 
currently happen to be”.
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Consider 3 objects.  
The number of permutations is 3! = 3x2x1 = 6.

P0 ≡ E ∴ if 1 2 3

P0 1 2 3 ≡ 1 2 3 = original configuration

Let P1 and P2 correspond to the two cyclic permutations:

P1 1 2 3 = 2 3 1

P2 1 2 3 = 3 1 2
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Let P3, P4 and P5 correspond to the 3 binary interchanges:

P3 1 2 3 = 1 3 2

P4 1 2 3 = 3 2 1

P5 1 2 3 = 2 1 3

{P0, P1, P2, P3, P4, P5} constitute a group: S(3) 

If so all binary products will be elements of S(3)
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Example:Example: Binary products with P1:

P0 1 2 3

P0P1 2 3 1

P1P1 3 1 2

P2P1 1 2 3

2 1 3

1 3 2

3 2 1

P3P1

P4P1

P5P1

= P1

= P2

= P0

= P5

= P3

= P4

= one row or one column as required by
Rearrangement Theorem.

2nd operation 1st operation

In this way one can construct the entire multiplication table.
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Multiplication Table for the S(3) permutation groupMultiplication Table for the S(3) permutation group

0214355

1023544

2105433

3541022

4350211

5432100

543210)3(

PPPPPPP
PPPPPPP
PPPPPPP
PPPPPPP
PPPPPPP
PPPPPPP
PPPPPPS

C734b  Fundamentals of Group 
Theory

16

Conjugate Elements and ClassesConjugate Elements and Classes

Elements can be separated into smaller sets called classesclasses using a 
similarity transformationsimilarity transformation

If Gggg kji ∈,, and kjii gggg =−1

then gk is the transformtransform of gj and gj and gk are conjugate elements

The complete set of elements conjugate to gi form a classclass.  
The number of elements in a class is called the orderorder of the class (≡ integral factor of h)

i)i) Every element is conjugate with itself.  
True if there is at least one element X such that:

{ }kiii ggXgXg ∈= − anyfor1

Works if X = E
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ii)ii) If an element A is conjugate with B, then B is conjugate with A

If BXXA 1−=

AYYBY 1−=∋∃⇒

BXXA 1−= BBXXXXXAX ==∴ −−− 111

If
1−= XY BAYYXAX ==⇒ −− 11

This is possible since any element, say X, must have an inverse, say Y.
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iii)iii) If A is conjugate to B and C then B and C are conjugate of each other.

If CYYABXXA 11 and −− ==

where {Y, X} are elements of G. 

CYYBXX 11 −− =⇒
( ) ( )11 −−=∴ XYBYXC or ( ) ( )11 −−= YXCXYB

but { } GXYYXYX ∈−−−− 1111 ,,,

Let ZXYZYX == −−− 111 and

BZZC 1−=∴
Therefore C is conjugate to B and vice-versa
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Example:Example: Use multiplication table for S(3) to find elements which are conjugate with P1

P0
-1P1P0

col.

row

= P0
-1P1 = P0P1

read off table

= P1

Similarly:Similarly:

P1
-1P1P1 = P1

-1P2 = P2P2 = P1

P2
-1P1P2 = P2

-1P0 = P1P0 = P1

P3
-1P1P3 = P3

-1P5 = P3P5 = P2

P4
-1P1P4 = P4

-1P3 = P4P3 = P2

P5
-1P1P5 = P5

-1P4 = P5P4 = P2

⇒ {P1, P2} form  a class
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Physical meaning of classesPhysical meaning of classes

The operation B = X-1AX is the net operation obtained by first rotating object to 
some equivalent position X, next carrying out the operation A, 
then undoing the initial rotation by X-1. 

Thus, B is the same physical operation as A (such as a rotation through some angle) 
but performed about some different but physically an equivalent axis which is 
related to the axis of A by group operation X-1
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SubgroupsSubgroups

A subset H of G contained within G that is itself a group with the same 
laws of binary composition is a subgroupsubgroup of G 

Note:Note: in S(3), {P0, P1, P2} satisfies closure and is therefore a subgroup.

E is always a trivial subgroup of order 1.

Some groups have no subgroups other than E; some have more than one.

Restriction:Restriction:
The order of any subgroup h, of a group of order g must be a 
divisor (factor) of g

that is, g/h = k where k is an integer.
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Proof:Proof:

Let sub group = {A1, A2, A3, …, Ah} (order = h).

Take an element B which is a member of G but not in {A1, A2, A3, …, Ah} 

Form h products of B with the subgroup elements.

= {BA1, BA2, BA3, …, Bah}

These products are notnot in the subgroup
For example:For example: if BA2 = A4 and A5 = A4

-1

⇒ BA2A5 = A4A5 = BE =B

This is impossible since B is not a member of the subgroup.
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Therefore, {A1, A2, …, Ah} and {BA1, BA2, …, BAh} form a larger group of at 
least 2h members.

If g > 2h choose a different element C which is a member of G but not
{A1, A2, …, Ah} or {BA1, BA2, …, BAh}

⇒ g must be ≥ 3h

Repeat this k times until there are no more elements which are different from {Ai},
{BAi}, {CAi} etc.

Then g = kh where k is an integer

∴

∴ g/h = k

However, it does not follow that for a given group that there are subgroups of all 
orders which are divisors of g.
Furthermore there can more than one subgroup of a given order.
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Question:Question: Can groups as a whole be multiplied?

Answer is yes.  
Direct ProductsDirect Products

Suppose A = {ai} and B = {bj} are two groups of order a and b, respectively.

If BbAaabba jiijji ∈∀∈∀= ,
the direct product BAG ⊗=
is a also a group of order ab with elements aibj = bjai, i =1, …, a; j = 1, …, b

Example:Example:

A = {a1, a2} B = {b1, b2, b3}

BAG ⊗= = {a1B, a2B} or {Ba1, Ba2}

= {a1b1, a1b2, a1b3, a2b1, a2b2, a2b3} Order = 2x3 =6

More on direct products later. They’re important!
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Two important terms in group theory are isomorphic and homomorphic

Two groups are isomorphic if there is a one-to-one correspondence 
between the elements of the two groups

Isomorphic mapping:

A

B

C

A’

B’

C’

Isomorphic implies if AB = C then A’B’ = C’
Both groups have the same multiplication table except perhaps for a 
change in symbols or in the meaning of the operations
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Two groups are homomorphic if there is a many-to-one relationship between 
some of the elements of the group

{a1, a2, a3}

{b1, b2}

a’

b’

The structure of the two homomorphic groups are no longer identical but 
multiplication rules are preserved

This will be seen when discussing Character TablesCharacter Tables.


