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Matrix RepresentationsMatrix Representations

C734b
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A matrix is an array of numbers: { } Aaij
~

=

row column

Example:Example:
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In general:In general:
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Indices m, n tells us the order of the matrix
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Note:Note: transpose of matrix ≡ { } { }ji
T

ij
T aaA ==

~

Vectors in a p-dimensional space are specified by a p x 1 columncolumn vector.

Geometrical interpretation: they give the orthogonal coordinates of one end of 
the vector if the other end is at the origin of the coordinate system

Matrix AlgebraMatrix Algebra

Matrices can be added, subtracted, multiplied and divided.

a)a) Addition and subtraction: CBA ~~~
=± ijijij bac ±=⇒

b)b) Multiplication by a scalar α

ijijij bac ααα ±=⇒
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c)c) Matrix multiplication:   matrices must be conformableconformable.

B~A~C~if =⇒ then the number of columns of A = number of rows of B

∴ if the order of A and B are (i x j) and (j x k), the order of C is:

(i x   j)(j x k)   = (i x k)

Each element in C can be computed by: ∑=
k

kiki bac ll

row column

Note:Note: ABBA ~~~~
≠ necessarily
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d)d) Matrix division 1~~
~
~

−= BA
B
A where B-1 is the inverse of B

EBBBB ~~~~~ 11 ==⇒ −−
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⎜
⎜
⎜
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L

L

000
100
010
001

~E

E = identity matrix which is often denoted by I.
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If two matrices are block diagonal, the corresponding blocks of identical order can 
be multiplied individually
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Definition: Definition: 
For a square matrix its “character” or “trace”, Χ ≡ sum of its diagonal elements

∑=
j

jjaχ

Properties:Properties:
1.)1.) if C = A·B and D = B·A DC ~~ χχ =⇒

2.)2.) Conjugate matrices related by a similarity transformation have
identical characters

BAXB ~~
-1 ~XA~if χχ =⇒=⇒

3.)3.)
BA ~~C~B~A~C~If χχχ ⋅=⇒⊗=
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Consider the vector shown below:

P

y

x

z

rrzk̂

xî

yĵ
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In general:In general:

rerrreeer nn |...,,,|...,,, 2121 ==
r

bra ket

row matrix
≡ basis set

column matrix
≡ coordinates

Both {ei} and {ri} may be complex

∴ define Hermitian scalar product of vectors u and v as:

veuevu ||* ⋅=⋅ +rr

where superscript “+” denotes adjoint adjoint or transposed complex conjugate
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j
ji

iji vMuvMuveeuvu ∑==⋅=⋅∴
,

* *|~|*|*|*rr

The square matrix eeM *~ = ≡ metricmetric of the linear vector space.

nn eeeeeeM ...,,,*...,*,*,~
2121=

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
⋅⋅
⋅⋅

=
MMM

L

L

2212

2111

**
**

eeee
eeee

and ( ) ***** jiijijjiij MeeeeeeM =⋅=⋅=⋅=
+=⇒ MM (Hermitian or self-adjoint matrix)

If
ijjiij eeM δ=⋅= * ⇒ basis set is orthonormal or unitary and therefore

EM ~~ =
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Configuration space ≡ 3-D space in which physical objects (atoms, molecules, crystals)
exist

≡ R3

Points in R3 are described with respect to a system of right-handed orthogonal axes
{0x, 0y, 0z}

Right-handed means a right-handed screw advancing from the origin; rotates x → y
→ z → x

Will use active representation: axes remain fixed but the whole of configuration 
space is rotated.

Rotation carries with it all vectors in configuration space including a set of 
coordinates {x, y, z} originally coincident with {i, j, k}.
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Matrix Representation of OperatorsMatrix Representation of Operators

Suppose a basis <e| is transformed to a new basis <e’| as a result of an operator R

',,',',,,' 2121 nn eeeeeeReeR LL ===⇒

{ej’} can be expressed in terms of the old set by writing ej’ as a sum of 
its projections:

njree
n

i
ijij ,,1'

1
K==∑

=

where rij ≡ component of ej’ along ei

In matrix form: ( )Reeeeee nn Γ= ,,,',,',' 2121 LL

( ) ( )
⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

==Γ

nnnn

n

n

ij

rrr

rrr
rrr

rR

L

MMMM

L

L

21

22221

11211
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Γ(R) ≡ matrix representative of the operator R

In 3-D configuration space there are 5 operations to describe the transformation of a 
point or points in space: E, σ, i, Cn, and Sn

Each can be described by a matrix Γ(R) such that

( ) ( )kjieeeRee ˆ,ˆ,ˆ,,)(' 322 =Γ=

1.)1.) Identity, EIdentity, E
( ) ( ) ( )321321 ,,,, eeeEeee =Γ⇒

( )
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=Γ⇒

100
010
001

E
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2.)2.) Reflection, Reflection, σσ

If the plane of reflection coincides with a principle Cartesian plane (xy, xz, or yz), 
reflection changes the sign of the coordinate ┴ to plane but  leaves the coordinate 
whose axes defines the plane unchanged.

( ) ( ) ( )321321 ,,,,'
100

010
001

eeeeeeeexy =−==
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−
=⇒σ

Similarly:

( ) ( ) ( )321321 ,,,,'
100
010
001

eeeeeeeexz =−==
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
−=σ

( ) ( ) ( )321321 ,,,,'
100
010
001

eeeeeeeeyz =−==
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛−
=σ
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In general using trigonometry:

y

x
π /2 - θ

2θ

θ

θ

σ

e2'

e1

e1'
e2

( ) ( )
( ) ( )

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
−=

100
02cos2sin
02sin2cos

~ θθ
θθ

σ

Θ = angle with respect to the xz plane
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∴ when θ = π/2
( ) ( )
( ) ( )

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
−=⇒

100
0cossin
0sincos

~ ππ
ππ

σ yz

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛−
=

100
010
001

as before

3.)3.) Inversion, i:Inversion, i: Here a point (e1, e2, e3) →(-e1, -e2, -e3)

∴ need a negative unit matrix

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−
−

−
=⇒

100
010
001

~i
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4.)4.) Proper rotation, Proper rotation, CCnn:: Consider rotation about an angle Φ about the 0z axis

e2' e2

e1

e1'

π/2 + φ
φ

φ

y

x

( ) ( ) 3211
~0sin~cos~'~ eeee ++= φφ

( ) ( ) ( ) 3213212
~0cos~sin~~0cos~

2
cos~'~ eeeeeee ++−=++⎟

⎠
⎞

⎜
⎝
⎛ += φφφφπ

3213
~~0~0'~ eeee ++=

C734b Matrix Representations 18

( ) ( )
( ) ( )

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛ −
=∴

100
0cossin
0sincos

~ φφ
φφ

nC

5.)5.) Improper rotation Improper rotation SSnn:: this is a Cn rotation followed by reflection σh. 

Therefore, for the rotation in 4): e3 → -e3

( ) ( )
( ) ( )

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−

−
=∴

100
0cossin
0sincos

~ φφ
φφ

nS
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Note:Note: all Γ(R) for the symmetry operations are real orthogonal matrices.

ERR T ~)()( =ΓΓ⇒

where Γ(R)T = transpose of Γ(R)

⇒Γ(R)-1 = Γ(R)T is readily calculated.

Note:Note: '||)(|'|'|' rerRerereRrRr =Γ====
rr

Symmetry transformations are rigid.  The length of all vectors and angles 
between them remain unchanged.
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Aside:Aside: can show that if Γ(R) is complex then Γ(R) is a unitary matrix defined as

Γ(R)-1 = Γ(R)† =Γ(R)T*

Proper and improper rotations can be distinguished by their determinant.

TT RRERR )()(~)()( ΓΓ==ΓΓ

( ) ( ) ( )BABA ~det~det~~det =Q

( ) ( ) ( ))(det)(det)()(det RRRR TT ΓΓ=ΓΓ∴

( )( ) ( ) 1)(det1(det 2 ±=Γ⇒=Γ= RR

Real orthogonal matrices with determinant = +1 imply proper rotations
≡ special orthogonal matrices
Those with determinant = -1 imply improper rotations
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The effect of a symmetry operator R, on a point

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

z
y
x

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
⇒

'
'
'

~

z
y
x

z
y
x

R ≡ mapping

The result

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

'
'
'

z
y
x

is called a Jones symbol

A map ≡ (proper or improper) rotation of a basis with respect to fixed axes 
which carries all of R3 and {r} in R3 with it.

This is important since it means every point symmetry operator is equivalent to 
a proper or improper rotation.
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⇒ Effect of a symmetry operator R on the components {x, y, z} of any 
vector 0P = r can be determined by finding Γ(R) of R from:

)(' Ree Γ=

and then use Γ(R) to calculate r’ from r using:

')( rrr =Γ

or

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
Γ=

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

z
y
x

R
z
y
x

)(
'
'
'
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Group Representations

If {A, B, C, ….} for a group G then the set of matrix representatives 
{Γ(A), Γ(B), Γ(C),…} form an isomorphic group with G called a group representationgroup representation.

and if AB = C then Γ(A)Γ(B) = Γ(C)

⇒ The matrix representatives obey the same multiplication table as the operators

Example:Example: in C2v the operations are E, C2, σv, σv’

For H2O place C2 along the z-axis and let σv = σxz

C734b Matrix Representations 24

C2σ
yz

=σ
v
' coming out of the page

σ
xz

=σ
v

O
HH

x

z
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⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
−=∴

100
010
001

vσ
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛−
=

100
010
001

'vσ

C2: φ = π
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
−

−
=

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
−=∴

100
010
001

100
0)cos()sin(
0)sin()cos(

2 ππ
ππ

C

and
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=

100
010
001

E
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Example:Example: Consider the product σvC2 = σv’

O
H12H

O
H21H

O
H21H

C2 Fv
≡ σv’

Now:

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛−
=

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
−

−

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
−

100
010
001

100
010
001

100
010
001

σv = σxz
C2 σv’ = σyz
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Transformation of Scalar FunctionsTransformation of Scalar Functions

Relevant for the understanding of how atomic orbitals transform under 
symmetry operations

If f = f(x, y, z), it means that f has a definite value at each point P(x, y, z) with 
coordinates x, y, z

Let (x, y, z) → {x} and (x’, y’, z’) → {x’}

If an operator T, transforms P(x, y, z) → P(x’, y’, z’)

{ } { }'xxT =⇒

xTx )(' Γ=⇒
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*But a symmetry operator leaves a system in an indistinguishable configuration.  
Therefore the properties of the system are unaffected by T

∴ T transforms f into a new function Tf in such a way that:

{ }( ) { }( )xfxfT ='ˆ

T̂ ≡ function operator

Means:Means: the value of the new function Tf, evaluated at the transformed point 
{x’} is the same as the value of the original function at the original point {x}

Means:Means: when a symmetry operator acts on a configuration, and function f 
is simultaneously transformed in to a new function Tf.
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Question: How to calculate Question: How to calculate TTff??

Under symmetry operator T, point P → P’

that is: )',','('),,( zyxPzyxTP =

),,()',','('1 zyxPzyxPT =⇒ −

{ }( ) ( ) { }( )''ˆ 1 xTfxfxfT −==∴

Drop the primes since this applies to any point P’(x’, y’, z’)

{ }( ) { }( )xTfxfT 1ˆ −=⇒
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Let T = R(π/2, z) on d-orbital dxy = xyg(r)Example:Example:

g(r) = function of r only and xy contains angular dependence

( )
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
−=

⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

⎟
⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛−

⎟
⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛

==Γ
100
001
010

100

0
2

cos
2

sin

0
2

sin
2

cos

4
ππ

ππ

CT

( )[ ] ( )[ ]
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛ −
=Γ=Γ∴ −

100
001
010

1 TTT

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛−
=

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛ −
∴

z
x
y

z
x
y

z
y
x

100
001
010
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{ }( ) ( )zxydxTddT xyxyxy ,,ˆ 1 ==∴ −

xydryxg −=−= )(

y

x

C4

y

x

dxy d-yx = -dxy
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Quantum Mechanical ConsiderationsQuantum Mechanical Considerations

a)a) Q.M. wavefunction Ψ({x}) strictly requires multiplication by a phase factor 
which is arbitrary.  This phase factor has no effect on physical properties. 
Therefore, choose the phase factor = 1.

{ }( ) { }( )xTfxfT 1ˆ −=∴

can be used for Q.M. wavefunctions

b) Function operators, T, corresponding to symmetry operators are unitary operators

ETTTT ==⇒ ++ ˆˆˆˆ
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c)c) When T acts on a physical systems (atom, molecule, etc) a Q.M. operator M
corresponding to a dynamical variable becomes:

+= TMTM ˆˆ'ˆ

Expectation values are invariant under symmetry operators.

[ ] 0ˆ,ˆˆˆˆˆ =⇒=⇒ + MTMTMT

Q.M. operator for the energy of a system is the Hamiltonian operator H. 
This means T must commute with H.

The set of all function operators {T} that leaves H invariant and which form a 
group isomorphic with the symmetry operators {T} is known as 
“the group of the Hamiltonian” or “the group of the Schrodinger equation”.
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d)d) If the dynamical variable is an observable with operator M, this means 
Ψ is an eigenfunction of M with eigenvalue, m.

This means <M> = m ≡ value of physical quantity in state Ψ.

M is invariant under a symmetry operator T.  Therefore, Ψ and TΨ represent the 
same state; that is, they are degenerate.


