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30. By Exercise 29, [f pndS = [f[_ VpdV, so
Fe—JlspmdS == [ff;VpdV = — [[[, V(pgz)dV = ~ [f[,(pgk) dV

==pg(fffzdV) k= —pgV(E)k
But the weight of the displaced liquid is volume x density x g = pgV(F), thus F = —Wk as desired.
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CONCEPT CHECK

1. See Definitions 1 and 2 in Section 17.1 [ET 16.1]. A vector field can represent, for example, the wind velocity at

any location in space, the speed and direction of the ocean current at any location, or the force vectors of Earth’s
gravitational field at a location in space.

2, (a) A conservative vector field F' is a vector field which is the gradient of some scalar function I
(b) The function f in part (a) is called a potential function for F, that is, F = ¥ f.
3. (a) See Definition 17.2.2 [ET 16.2.2].
(b} We normally evaluate the line integral using Formula 17.2.3 [ET 16.2.3].
() The massis m = f, p(z,y) ds, and the center of mass is (Z,7) where T = L [ zp(z,y) ds,
¥= fove(z,y) ds.

(d) See (5) and (6) in Section 17.2 [ET 16.2] for plane curves; we have similar definitions when (' is a space curve
{see the equation preceding (10) in Section 17.2 [ET 16.2]).

(e) For plane curves, see Equations 17.2.7 [ ET 16.2.7]. We have similar results for space curves
(see the equation preceding (10) in Section 17.2 [ET 16.21).

4. (a} See Definition 17.2.13 [ET 16.2.13].
(b) If F is a force field, f, ¢ F - dr represents the work done by F in moving a particle along the curve C.
(€} foF-dr= JoPde+Qdy + Rdz

5. See Theorem 17.3.2 [ET 16.3.2).

6. (a) [ o F - dr is independent of path if the line integral has the same value for any two curves that have the same
initial and terminal points.

(b} See Theorem 17.3.4 [ET 16.3.4].
1. See the statement of Green’s Theorem on page 1119 [ET 1083].
8, See Equations 17.4.5 [ET 16.4.5].

9 (a)cul‘lF:(B—Rﬁa_Q)H-.(apkBR)jJr(B_QkQE)k:VxF

3y 92 9z or dr By
w_ OP  8Q  OR
B divF = Zo 4 Ft+ 5 =V F

{c) For curl F, see the discussion accompanying Figure 1 on page 1129 [ ET 1093] as well as Figure 6 and the
accompanying discussion on page 1160 { ET 1124). For div F, see the discussion following Example 5 on
page 1130 [ET 1094] as well as the discussion preceding (8) on page 1167 [ET 1131].

10. See Theorem 17.3.6 [ET 16.3.6]; see Theorer 17.5.4 [ET 16.5.4).
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S e 1o oo, . -61: See Figure 4 and the dccompanying
(b} See Definition 17.6.6 [ET 16.6.6].

(c) See Equation 17.6.9 [ET 16.6.9].
12. (a) See (1) in Section 17.7[ET 16.7].
(b) We normally evaluate the surface in
(¢) See Formula 17.72[ET 16.7.2].
(d) The mass is ;= ffS plz
V=5 [svele,y, 2)ds

tegral using Formuyja 1773 [ET 16.7.3].

1 ¥ 2) dS and the center of m,

Z=1 Jfs zo(z,y, z) ds.
13. (a) See Figures 7 and 8 and the accompanyij
nonorientable surface; see Figures 5 and

(b} See Definition 17.7.7 [ET 16.7.7].

(c) See Formula 17.7.9 [ET 16.7.9).

ass is (7,9, Z) where 7 = =+ s zp(z,y. z)ds
ng discu

ssion in Section 17.71ET 16.7 A Mbbius strin
o 1. A Mabius Strip is a

€ accompanying discussion op Page 1149 [ET 11 137

(d) See Formula 17.7.8 [ET 16.7.8].

\ TRUE-FALSE Quiz

1. False; div F is & scalar field,
2. True. (See Definitjon 17.5.1 [ET 16.5.1].)

3. True, by Theorem 1753 [ET 16.5.3] and the fact that div ¢ — 0.
4. True, by Theorem 17.32[ET 16.3.2].

5. False, Sce Exercise 17333 [ET 16.3.33]. {But the asserti

Theorem I73.6[ET 16.3.6].) et ey

~connected; see

negative, Thug JoF dr = Jo
(b) The vectors that end near p are

shorter than the vectors
! . at i
o e o start near P, so the net flow is outward near P apd

2. We can pa i
prametnzery;r::c,y=$2,0SSL‘S190

1
c®ds= [ u /TY @) gy - (1 +4:c2)3/2]1
0

= &(5vE-1),
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. dt
_nf2 lﬁsmstcost)\/g
T+ {17+ (“2sintPPdt = g
*/2(25int)®(2cost) /(2cost)? + :
3 fcazszd!i:fu (25

w/2
:4'\/58iﬂ4t]0 _4\/5

= —xpcosz +sine —
dy = [7/*(zsinz + sinzcosz)dz = —x
4 [ zyde+ydy=

)

5, r = cost = (il} = —sint df y = mnt = = CG; i(h 0 < [4 < 2 at (l
dy 5 > —_ =
1T d 1} 3l )
Y - y = - n - ) =lJo (— 05 in“ £ — cos i dt = —T

T d s x d cos” tsi t cos” dt Ci ts
f ( l ng

‘ g

f()C’ S]l]ce C 15 a Slmple Closed curve, apply GIEEI] 8 IlleOIel 1 V1l

2w, 4CO539)d9=—ﬂ'.
fI (1-a®dA=f (-7

w2442 <1

2) dt
DV a4 e 24t £ 307) d
) \/m_ydm+eydy+wzdz:f°(
s JC

1
2 3 .10
=14 e + 3t l
v ) )
— Jo

9.
=€ —

70

Then

. = costi+jand
. i+ (sin®t) j, r'(t) = cos )
= (sint){1 + )i+ (sin " (L(1 +¢)sin 2t + sin® £)
BEEE) = i tcost+sin2t)dt=fo (E(1+) i
F-dl‘=f0"((1+t)sm L gin 2t +lt7%sin2t]0:
O (o) 1 o2 +
= |3

j+ (2 + %)k, r'(t) = 2ti+ 3t j —kand
8. F(r(t) = et i+ 2(—8)j + (¢

- — — 1.6 1t3 1t4]
F vt e t_ =7 — 3 -3
c f1(2t6 ¢ 3ts (tz 33))dt = [ 2te 3
f = *0 3t =Xt z=3t0<t < 1, Then
10. (a) Cx 3 » Y ¥ = b

= [} [-ot+ 3]t
Coms t=

1l s 33+ §tk) - (=814 534 3K]di =y |

~dr = | [3t1+(3_ :
W= [, F 0

— %(BW -9

= = nti+3dcosi)+ - i+ tk)dt
j -(—8sinti+j+ 3cos

foF-dr= f2(35i ti+3costj+ik)-(

W= [F-

o]

. t)dt
= [7/*(~9sin*t +3cost + tcost)
— Jo

= int + t
[ 8(t — sintcost) + 3sint + 3(tsint + cos )]
={-2(t -

_ + =z = + 2 d _— + 2% 2 Vi -Ve hus
i i ervative. .
and the domain Of F 15 R , 50 F 1§ COMS
a8 v TY y — 8 ey rie ) I
1 [(1 .'L"y)e ] 29:6 T ye
1 O

Az

vl
Y g(x) o
H =e¥ + ze
= e¥ + 22" implies f(z,y)
uch that F = V f. Then fy(z,y) =¥ + = )= (I +ay)e™¥,s0g'(x) =0 =
. i 5 —
there exists a function f v 1 ¢ (z) = (1 + zy)e™ + ¢'(z). But fz(z,y
_ Y 4 ™V 4 g = ] . 7
then fo(z,y) = a:y(e } = e¥ + ze®¥ + K is a potential function for
= K. Thus f(z,y} =

gle) =

= = = t(].',
Cl:.'ﬂ t,y ’ . |
C'a:*l+2t,y=1,z:2+2t,0<t
9 T = 1

1 dt =
= flsidt+ f) (4 +4t)
Joydo+zdy+ede= [y5ldtt f,
c

"
i

~% 3483

17
p)

LY

T A e

L2 PRV g 9z + 22y dy -

7 fa?ydr Ty dy =

|
S drdg = —87 Do
24yl cy : ‘5:
18, curl p — (0—gw C082) i~ (g=2 COST~0)j+ (0 - g-v cosyl k = —e ¥eogzi - € Cosj o

divF = = Siny — e ¥gin, e *sing

19 1 We assume there is such a
fields

12 F s defined on af of g3
cur]F:—-(O—O)i—

, s components haye i
0-0)j+ {cosy

there exjsts 5 function
then fy (z, y, z)

= 8in y implieg Flz, g, z)
Hz, g, 2)

T TCosy, s0 g, (y, 2)

= A'(z). By fa(z,y, Z) = —gin %, 30 h{z)

T Teosy -+ g, (y, z). But Ju
= Zsiny 4. 2(z) implies Je
a potential function fop Fis f(z

(2,5, 2)
(2,9, 2)

=Tsiny + g(y, z) and
=0 = g, ) = h(2). Then
2, 2)

=Cosz+4 K. Thys
=TSNy + cog z + K.
13. Since 3‘% {da3y? 2zy3) = 82y — g2 . = (2uty - 3*y? 4 4y

conservative, Furthermore Flz, )

%) and the domain of F jg R% Fis
Point (0, 1) and ¢ - 1 corresponds

= aty? _ 2y £yt potentia

to (1,1),30]0 F.dr-=
14. Here cirl F = g, the domaip of F is

Conservative, Furthermore

function for F ¢
LY - 0,121 -

R, and the components of F hy

0 coIresponds 1o the
0.

Ve continnoys partial derivatives, so Fig
f&y,2) = gev +ye® is a potentig] function for . Then
Jo F-dr:f(4,0,3)-f(0,2,0) =4-2=9
15, C’l:r(t):ti+t2j, 1<t <y,
Corr(t) = _4; ti-1<i<y,
Then
Joxy? da -

2y dy = S - 2°%)dt + I2, tdt

671 271
o N e
Using Green ’s Theorem, we have

/Cfcyzdz‘m?ydy://D [5% (HrzyJ-a%(wz)J dA=/

/ (—2wy~2wy)dA
D
1o 1 -
=f / ~4:cydyd:c=/ [-2my2]y_ 2 dz
-1 Jg2 -1

y=z

1
:/ (22° - 22) g = [§2° — mz}il =0
-1

:
o (% o) - 2 (s FE)]aa= 2 oy 0y gy ¥
= [y 92° dz = 3z =3

I i
|
[& (~ay?) - 3 (+°9)] da
2 g2 <4

= -y L fr

cosyk, 5 ‘." }
vector fj

eld G, thep div(enr) G)=2+3,_
F. Thuys such a G canpgt exist

22z, But div(cur] F)

=0 for a]] vector
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632 O CHAPTER17 Pai+ Q2 j+ Ra k be vector fields whose first pa
; dG = Pyi
_ » .] + Rl k an
2. LetF=Fit
continuous. Then

' P 902 ?&)k]
FdivG - GdivF P, 3Q2+?& j+R1(%+%+ Oz
8Q2 OR2\, M| —+=" dxz
(525 5 ) el oy
=\ 5 Oy z

ap, 80 aRI)k]
aP 8 @j+Rg(_al+a_y+ Oz
oQ amy . - 4+ Oz z
[P(_6P1+_’1+a— T\ T ay

17\ e Ty ?

and

o1\,
Ot 6Q1—|—R2_ )-]
Py, Fé]
P 6P1+Q2%H.+R2%)1+(P2 5 + Q2 dy z
_F-V)G=[(Qam Y
(G-V)F (

R a_Rl_)k]
+<p2@1 +Q2—BJ+R2 bz

ox 90
8Q2 0Q2 R —‘Z‘)j
AP, 8RN, (292 1 g, ay
[(P 6P2+Q13_+R1 P oz
— 11—/
o y . oRs , BRz) k}
+(P1 Ox T 9y 9

Hence

Rre
FdivG - GdivF + (G- V)F — (F-V) op
ach J)
8P ——— +
(20 2) - (+%2 -0 %
ORs @)}1
P — + R
(REE ) (AT
2
OR: 29_2)
om | B
(o) (o 0
Z

dz
N Q&)]_]
apP pu. ZEE
_(PlaaQ2+Q2—3—ml)+(P2 Oz @ o
1

ARz ?ﬁ)

aP. == 4+ Ry

+[(P26§1+R16_;)—(P1 Oz =
44

l P Q ) j
- (1 IQ'Z IZQI) (1 2131 11132) 1 (QIR’J Q21El 1 1Q 2%l J

0 2 — Rl)]k
+[%(P2R1—P1R2)_B_y(Q1R Q2

= curl (F x G}

21,

CHAPTER 17 REVIEW ETCHAPTER1s . 633

For any Piecewise-smaoth simple closed plane corve ¢ bounding a regi

J@hde +oy)ay =y, |

on D, we can apply Green’s Theorem to

Flz,y} = f)i + 9(y)j 1o get J = 9(y) — = f(a:)] dA = [f 0dA =g,

2 2 2
= V- 200, 2 v

K N AT,
+r9y Byg+f3)+ (

-9 of Bg g
oz \ a9t/ ) y 9z \ B, 9t f 8z ) [Product Rule]

O

_ &y Of dg &g Pf af dg
= ax29+255£+f%5+3?9+2552@
Pq &

Of 8y &g
Fy2 +8_z5‘g+28z5§+f§z§ [ProductRuIe]
= %y &y &g O?f o2 9 af df of 99 dg Bg
AR~ R +9(5§+“+ zz)“’(*““)(“ “>

=fVig+gv2r o 2Vf.vg

Vifg)=v. V9 =v. (gvys +fVg) =

:gV2f+fV29+2Vf- Vg
2 2
23. V2F = 0 means that gm—f + g—yg =0 Nowif F = f, j
Green’s Theorern, we get

Vg-Vf+gV-Vf+Vf-Vg+fV-Vg

~ fejand C s any closed path i D, then applying

JoF dr=fofyde~pay= py_ & 1) -2 ()] da=—qr,

+ fyy) dA

Butalso y = 2, 80 C lies on the Plane y = 2. Thy C is the intersection of the

Plane y = z ang the cylinder 22 | o2 _. 1

(b Apply Stokes’ Theorem, JoFodr = Sfgcunl P gs.

i

cwlF = | 8/8z

j k ' F
8/8y 8/82 ‘

f\
Wy 2y cot 2 ~y?ese? 2

2ze?v 272

={-2ycsc?z . {—2ycsc? 2),0,4ze® _ 4me2"’) =0 -

ThereforefCF'dr:ffSO-dS:-[).
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2. () Tu = —
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0 < y < 2. Thus

24d
- ATIETidA= [y VB
1+ 4
AS)=fIp

1 _ 5).
® (b)

—92pi—ujand
vj+2uk o =201

24 4 Ay j + 2v° k. Since the
Py X Tp =201

=1lv=2
dstou =1,
i ~2,1) correspon
o ) 9 but 1y X Ty is the s2amMe for
p=- .
o the surface at (4, —2, 1)is

guation of the tangent plane

(oru= -1,

both), a normal vector i

2i+8j+8kandane

=0,
< op 4 8y 48z = Qoro + 4y 4z
L

is given by 1 du du.
i 176.6 BT 16.6.6], the areaof Sis —o PR, VuT Rt oty
() By Deﬁnmon3 . ( e (T (2v?)2dvdu=2Jo J-
3 2u
AS) = I3 s

integral is 2
79 [ET 1679}, the Sllfface2 (1:2)2 ("Uﬂl)2 > . (2u274u’v,2” > dv du
S G R
F.ds=] f T2 1+ (-w
j f s 0 . I ) do du = 1524.0190
(B e

2y + k (using upward

(d) By Equation 17

= = Ofiﬂntat.lon). Then
W < 4 SOTx K ry
i <— ¥y =
) T Y 1th 0 z” 4 T

dA = [2 2 ros/TF 8 dr d9
2. %= f(@y [ e VR A
ffszds:mz+y254
17T+1
= & (301 V17 )

2 and use tables.} + _ s 1+ k. Then
. =1+44r"an =-i-jt+k
titute ¥ = s X Ty =

o 44z sywith0<a? +y’ SAs0reX Ty

za.z:f(wsy)

3dA

yas= Jf @ xS V3

”S(mu—l-y z) e » dng:f:SN\/gTE'dTZS’Zﬂ
(227 3+ (4 4 roosf - sind)

heorem applies and

4o Divergence T -
a simple solid region, the iz — 2352 = - %7

dv =
_ av -2 [ff& )
2)dV-4”sz 4Sin¢smgj+ﬁsm¢'cos@k,

29, Since the sphere bounds
JfsFd8= Jfelz—
Alternate solution: ¥(r(e,9))

L2 fpit+4 .2 4 sin
= 4 sin® ¢ cos (3 pan? 0 42
ry X o o f cos ¢ — 16sin” ¢ si

. 50
F-(rs % re) = 16sin® ¢co 16 sin® ¢Sin2 g+ 24 sin’ ¢ cos P o

= Asin¢coscos¢i—

. . s ¢ k, and
sin? ¢psin ] + 4sin$co ¢ 2 § cos ¢ cos f. Then

EE] qj: ¢ :SE )d¢d6
ffs S -rlf] jﬂ( 8

64
J27 4 (-16sin® ) d = — 57
=Jo 3

3. Because curl iy

CHAPTER 17 Revicw ETCHAPTER16 [ 635
30. 2 = £

x,y) =:i.':2~}-yz,rgc X Iy

Flr(z,9)) - (1o x 1) =

=-2zi-

2uj + k (because of upward orientation) and
—2z° — 2xy? + 22 + y*. Then

fst'dS= I

:t:2+y251

(—22% — 2292 1 42 4 v¥) dA

= folfoh(ﬁws cos® § — 278 oo fsin?g 4 p

31. Since curl F = g, Sfs(ewl F) . g5
$oF-dr =

Yrdrdd = [1r3(om) gy — z

= 0. We parametrize ¢ r(t) = costi +sin tj.0 < ¢ < 27 and
S5 (— cos? tsing + sin® ¢ cost) dt = g cos’t + L gip3 tam~p,

32 ff curlF. 48 — $o F - dr where ¢ r{t) = 2costi - 2sing

J+k0<t <27 50 r'(t) = —2sinti+2costj,
F(r(t)) = 8cos? ¢sin¢} +2sintj+e

dcostsine o ang F(r(t))  r'(1) = 16 cog? £sin® ¢+ 4sint cos £, Thys

$-F dr = jf”(—lﬁcosztsin% +4sintcost)ds

= [—16(-;‘1- sintcos® ¢ 4 & sin 2¢ 4 ét) + 2sin? t]g1r

fCFodr=ffscurIF-dS:ffD(—yi—szmk)-(i+j+k)dA

=JIo(=1)dA = —(arca of D) =

3, fst-dS=fffE 3($2+y2+z2)dV:f02

1
2

TS o3+ 322 r do dr i = 2 JH6™ + 8r) dr — 114

3dV = 3(volume of sphere) = 4. Then

B JfpdvEay = gpy

$2+y2+2251

F(x(6,0)) - (s x ro) = sin® ¢ cos? g +5in® $5in® 0 + sin g cos? ¢ — sin ¢ and
HsF-dS = [ [%sin g dg b = (2m)(2) = 4.

36. Here we muyst use Equation 17.9.6 [ET 16.9.6] since F

is not defined at the origin, Let 57 be the sphere of radius 1
with center at the origin and outer ynit normal ny. Let

and let ¥ be the soljd region between S; and 5,
ffSZF-nzdS: —ffsl

52 be the surface of the ellipsoid with outer upjt normal ng
Then the outward fiux of F

F(-m)dS+ [ff_ divFav. pup
divF = V. (|p| 3 r) = ||

through the ellipsoid is given by
=r/|rf, so

Ver)+r. (V1ei™3) = jpj=3 (3)+r. (=3 r)™%) (rlr|™1)

used Exercises 17.5.30(a) [ET 16.5.30(a)] and 17.531¢) [ET 16.5.31(3)].) And F.
on S, Thus ff82

= 0. (Here we have
r r -
nlz——s-—zlrlzz]‘_

LA

F-nyds = Js, dS+ JIT50dV = (surface areq of the unit sphere) = 4m(1)? = 4q,

= 0, F is conservative, and if flz,y,2)

=2"yz — 3oy + 22, then Vf=F. Hence
JoF . gr = JoVfdr = f(0,3,0) - £(6,0,2)

=0-4=-g
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. .
cle with center at the origin and

’ itivel
dby C and C’. Then D’s posi

adius a as in the figure.

38, Let (' be the cir y oriented boundary

Let D be the region boun
). Hence by Green’s Theo
9Q 913) dA =0,50

fF.dr%—]CrF'dr;ffD oz 9y
. .

[F-dr:-f F-dr:[C'F-drzj:ﬂF(r(t))'r'(t)dt
—c!
C

2t — 2o8int . int)
— a

; 2acost Y| dt
9a% sin® £ -+ 20° cos” tsint ¥ (acos )}
2

e
rem

1
isCu(-C

0

&

f”%f‘_gdt:fm
= 2
0

f E)
v F dV = 3(volume O _
Theorem, [f ¥ -ndS = [ E HF - dS = [ffdiv(cur )V =0
y the Divergence cu

9.8 |
ns allow us to use the Divergence

Theorem. Hence Ifs
40. The stated conditio A

since div(curl F) = 0.

TR S T

[0 PROBLEMS PLUS

1. Let S} be the portion of §2(S) between S(a) and S, and let 051 be its boundary. Also let St be the lateral surface
of 5} [that is, the surface of 51 except S and S{a)). Applying the Divergence Theorem we have

ff r'—J‘dS:ff/ V.- dV. But
o5, 7 5y r

v.E_ (0 0 &)\ z y z
3 T\ Az’ By’ Bz (22 +y? + 22)/% (22 +y2+z2)3/2’(m2 + 32 + 22)3/2

G = 3z%) + (2% + 92 4 22 —3y2)+(x2+y2+32—3z2) _
- (22 + 42 4 #2)5/2 -

0

= f f __r?q-sn ds = f f f 0dV = 0. On the other hand, notice that for the surfaces of 83, other than S{a)
85, 5
amdS\r-n=0 =

Ozf/ r-andszf/‘r.snd8+ff r‘snd5'+f r.gndS
as; T s T Say T s T
:/ f'_;ldﬂ/f Lhs
s T 8{a) T

= fr'—snd3=—f/ ElTndS.NoticethatonS(a),r=a = n=—'£:—£andr-[‘:-r2=a2’
g T Sy T 7 a

- . 2
sothatﬁff r—a—“ds=f/ "—-j'dS:ff %dszisz ds = TRA5(@) _oe
8(a) T S(a) @ S(a} @ i S(a) @

n

Therefore |Q(S)] = / f ~Ras,
s T

2. By Green’s Theorem

fc(yty)dm—zzady:fflj [ﬁ%@;——B(y;;y)]dA:/fD(l—ﬁm"’—@"’)dA

Notice that for 62* + 3y* > 1, the integrand is negative. The integral has maximum value if it is evaluated only in

the region where the integrand is positive, which is within the ellipse 622 + 342 = 1. So the simple closed curve
that gives a maximum value for the line integral is the ellipse 622 + 3y? =1

3. The given line integral 5 Jobz —cy)dz + (ex —az)dy + (ay — bz) dz can be expressed as [, F - dr if we define
the vector field F by F(z, ¥.z)=Pi+Qj+Rk = 3(bz —cy)i+ slez—az)j+ 3 (ay — bx) k. Then define §
to be the planar interior of €, s0 § is an oriented, smooth surface. Stokes' Theorem says
fCF-dr:ffscurlF-dS = ff s curl F - ndS. Now

_{8R _8Q\. (8P OR\. /80 op
Cur]F_(@y_Bz)l+(Bz_am)']+(8$_6y)k
=(%a+%a)i+(%b—f—%b)j+(%c+-;~c)k=ai+bj+ck:n
socurl F-n =n-n=|n|® = 1, hence ffgeurlF.nds = fJ s dS which is simply the surface area of S. Thus,

JoF-dr=1 Jolbz — ey) du + (cx — az)dy -+ (ay - bx) dz is the plane area enclosed by €.
637




